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Congruences of quadrics in three-dimensional projective space
associated with pair of surfaces

Two-parametric family (congruence) K, of quadrics Q in three-dimen-
sional projective space P; is investigated, possessing the following properties:
on each quadric Q € K, there are two different focal points A; and A, at
which focal tangents intersect at one point Ay and are the asymptotic tangents
of the surface (Ay), and the tangents to the curves on the surface (A;) that cor-
responds the focal curves on the surface (A)) (i, j, k=1, 2;i # j) also inter-

sect at one point A3 and are the asymptotic tangents of the surface (A;),
mareover the asymtotic curves that envelop A¢A; and A;A; are corre-
spond, and Ay and A; are polar conjugated.
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Decomposition theorems of conformal Killing forms
on totally umbilical submanifolds

A Riemannian manifold of positive curvature operator has
been studied from many directions. It is well known, that an n-di-
mensional closed Riemannian manifold with positive curvature
operator R is a spherical space form and its Betti numbers
b(M"), ...,b,_1(M") are zero. In addition, we proved that on an
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n-dimensional closed Riemannian manifold (M, g) with positive
curvature operator ‘R an arbitrary conformal Killing r-form w is
uniquely decomposed in the form @’ + @” where ®’is a Killing
r-form and @” is a closed conformal Killing r-form on (M, g) for
all»=1, ..., n — 1. In the present paper we prove three decomposi-
tion theorems of conformal Killing forms on totally umbilical
submanifolds in Riemannian manifolds.

Key words: conformal Killing form, decomposition theorem, totally
umbilical submanifold, Riemannian manifolds.

1. Let R be the covariant curvature tensor of a Riemannian
manifold (M, g). The relation (see: [1, p. 36])

gR(XAY), VAW)=R(X AY,V AW)=R(X,Y,W,V)

defines a self-adjoint symmetric operator R: A°’M — A°’M . This
operator is called the curvature operator of (M, g).
Let {el,...,en} be an orthogonal basis in 7,M at an arbitrary

point x €T, M such that ¢; ne; diagonalize the curvature operator

‘R(ei /\ej)zﬂ,ij(x) e, ne;. We say that a Riemannian manifold
(M, g) has positive curvature operator if all its eigenvalues are
positive. Note that this definition is invariant, because it does not

depend on the choice of the basis {el,...,en} atxeT M . If the op-
erator curvature R is positive-definite at each point x € M then
we say that R is positive-definite on the manifold (M, g).

Next, we say that the positive curvature operator R is bounded
from below on (M, g) if all the eigenvalues of R greater than or
equal to some positive number A at all points of (M, g). Side by
side, we recall that if the positive curvature operator R of a simply
connected closed manifold (M, g) is bounded from below then
(M, g) is homeomorphic to a sphere (see: [2]).
gRX, AY,) X, AY,)

gX AT, X AY,)
is called the  sectional  curvature  of  two-plane

The normalized quadratic form sec(r)=
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= span{ XX,YX}C T M . In addition, we note (see: [1], p. 63) that
if {el,...,en} is an orthogonal basis for 7.M such that e; ne; di-
agonalize the curvature operator iR(el. ne; )= Ay (x)e ne ; then for
any two-plane 7 in T ,M we have sec(z)e lmin A (x), max Ay (x)J
Moreover (see: [3]), if the eigenvalues of R are 4; (6)=A(6)>0
then the sectional curvatures are /; (6)>4(6)/2>0 at x eM.

Therefore, if the positive curvature operator R of (M, g) is
bounded from below then the sectional curvature of this manifold
is positive and bounded from below too. On the other hand, we re-
call that a complete Riemannian manifold (M, g) is closed if its
sectional curvature is bounded from below by some positive num-
ber (see: [4], p. 212—213).

Thus, using all these facts, we can formulate the following
theorem.

Theorem 1. Let (M, g') be an n*“dimensional simply connected
and complete non-totally geodesic, totally umbilical submanifold in an
n-dimensional Riemannian manifold (M, g). If the curvature operator
R of (M, g) is positive semi-definite on the bundle A°M’ over the

submanifold (M, ') and the mean curvature H* of (M’ g') reaches

its lowest value H?, , then (M’ g") is closed and homeomorphic to a

sphere, its Betti numbers by(M), ..., b, (M) are zero and an arbi-
trary conformal Killing r-form won (M, g') can be decomposed in the
form @’ + @" where @’ is a Killing r-form and @" is a closed con-
formal Killing r-form forallr =1, ..., n"—1.

Proof. We consider a complete and simply connected non-
totally geodesic, totally umbilical submanifold (M’ g') of a Rie-
mannian manifold (M, g). The tensor R' of (M’ g') we can find
from the Gauss curvature equation, which for a totally umbilical
(M’ g") in a Riemannian manifold (M, g) has the form

R(X"Y' V' W)=R(f.X' LY £V fI)+
+ Hz(g,(X’, W!)g!(Y/’Vr)_g!(Y!,Wr)g/(X!,Vr)) (1)
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for the mean curvature H’ = g(}[, H ) of the submanifold (M, g')

and any vector fields X',Y,Z','W'e C”TM'. We can rewritten the
Gauss curvature equation (1) in the following form

gW(o). 0)=gr(ro) rro)v2rlol @
for an arbitrary &' € C*A’M" and | H'"2 =g'(0.0).

Next, we suppose that there exists the positive number H>

min

which is the lowest value of the mean curvature H* of (M, g') and
g'(iR (f*H'), f*0')2 0 for an arbitrary 8'e C”A°’M’ then from (2)
we obtain the inequalities

g (W (0).0) 220 |0 >0. 3)

In turn, from (3) we conclude that the curvature operator R’ of
(M, g') is positive and bounded from below and hence the sec-
tional curvature sec ’(72’) of (M’ g') is positive and bounded from
below too. In this case, the simply connected complete manifold
(M, g is compact and homeomorphic to a sphere. Then its Betti
numbers b(M"), ..., b,»— 1(M’) are zero and an arbitrary conformal
Killing r-form @ on (M, g") is uniquely decomposed in the form @’
+ @" where w’is a Killing »-form and " is a closed conformal
Killing r-form on (M, g') forallr=1, ..., n’— 1 (see: [5]).

2. From the Gauss curvature equation (1) we can obtain identi-
ties relating sectional curvatures of the Riemannian manifold (M,
g) and its totally umbilical submanifold (M, g') and the mean cur-
vature of (M, g') (see also: [6])

sec' ()= sec(z )+ H? “)

gRULXL ALY L X ALY
g X ALY LX ALY
Schouten proved (see: [7], p. 301) that every totally umbilical
submanifold of dimension > 4 in conformally flat Riemannian
manifold is conformally flat. For these manifolds the following
proposition is true.

where 7 < T _M' and sec(ﬂ) =
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Corollary 2. Let (M’ g’) be an n“-dimensional (n' > 4) simply
connected and complete non-totally geodesic, totally umbilical sub-
manifold of an n-dimensional conformally flat Riemannian manifold
(M, ). If the sectional curvature sec (7[) of (M, g) is positive semi-

define for all two-plane section © of TM’ and the mean curvature
H? of (M, g') reaches its lowest value H? wins then (M, g') is confor-

mally diffeomorphic to a sphere, its Betti number by(M, ..., b, (M)
are zero and an arbitrary conformal Killing r-form @ can be decom-
posed in the form o’ + @" where w’is a Killing r-form and o" is a
closed conformal Killing r-form on (M, g) forallr =1, ..., n"—1.
Proof. Now, we consider a simply connected and complete non-
totally geodesic, totally umbilical conformally flat submanifold (M, g)
of a Riemannian manifold (M, g). Next, we suppose that there exists the
positive number H -, which is the lowest value of the mean curvature

H of (M, g') and S@C(ﬂ') >0 for all two-plane section 7 of TM’then
from (4) we obtain the inequalities sec’(z)=sec(z)+H>>H?2, >0.

In this case, the simply connected complete manifold (M g’) is
closed. In addition, we recall that a conformally flat simply con-
nected closed Riemannian manifold (M g’) is conformally diffeo-
morphic to a sphere (see: [8]). In this case, Betti numbers b(M), ...,
b, (M’ of (M’ g’) are zero and an arbitrary conformal Killing
r-form @ on (M’ g') is uniquely decomposed in the form o'+ "
where @’ is a Killing r-form and ®" is a closed conformal Killing
r-formon (M g') forallr=1,...,n"— 1.

3. The Ricci curvature of (M, g’) is

Ric(Yx',Z')—trace(X - R(X..Y]) ) Zg( )
for an orthonormal basis {el,e2 ..... en} at an arbitrary point x e M.

If X! =e,, then Ric(X!,X!)= Zsec (X’,e,). In dimension 3 we
i=2

have the relation (see: [1, p. 38])
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Ric'(e,,e,)=sec' (z,, )+ sec' (70,5 ); Ric'(ey, e, ) = sec' (z,, )+ sec' (703) ;
Ric'(e;,e;) = sec'(m,5)+ sec' (z,5)
where 7,, = spanie, e, }, 7,; = spanie,,e,} and 7, = spanie, e, }.
This means the sectional curvature sec’ (ﬂ) can be computed

from Ric’ and the sectional curvature determine Riemannian curva-
ture operator R’ . Moreover, if A,(x)> A,;(x)> 4;(x) are eigen-

values of R with respect to some orthonormal basis {el,ez,e3} at

an arbitrary point x € M’ then we have (see: [1, p. 61])

Ly(x) 0 0
W= 0 Iiy(x) 0 |
0 0 /113()6)
Aoy (x)-l—iu(x) 0 0
Ric! =5 0 Ay (X)+ A5 (%) 0
0 0 Ay (x)-l—/IB(x)

Based on these facts and Theorem 1, we can prove the follow-
ing corollary.

Corollary 3. Let (M, g') be a three-dimensional simply con-
nected and complete non-totally geodesic, totally umbilical sub-
manifold of an n-dimensional Riemannian manifold (M, g). If the
sectional curvature sec (7[) of (M, g) is positive semi-define for all

two-plane section & of TM’ and the mean curvature H* of (M, g)

reaches its lowest value H', , then (M’, g’) is closed and homeo-

morphic to a sphere, its Betti numbers bi(M’) and b(M’) are zero
and an arbitrary conformal Killing r-form o can be decomposed in
the form @'+ @" where ®’is a Killing r-form and ®" is a closed
conformal Killing r-form on (M, g’) forr =1, 2.

Remark. If (M g’) is closed and b;(M’) = 0 then any closed
conformal Killing 1-form ® has the form w=d f for a smooth
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scalar function f such that Vd f=-n"'Af-g where A is a

Laplacian — Beltrami operator on (M’ g”). In this case (M’ g’) is
conformally diffeomorphic to a sphere (see: [10]). Therefore in
every our proposition a simply connected and complete totally um-
bilical submanifold (M’ g’ is conformally diffeomorphic to a
sphere if (M, g’) admits a non-Killing conformal Killing 1-form.
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W. Mukew, C. E. CmenaHos, Y. Y. LibleaHok

TeopMbl pasnoxeHust KOHHOPMHO KUMMHIOBbIX (hOpM
Ha TOTanbHO OMBUNMYECKIX NOAMHOroo6pasmsx

JloKka3pIBalOTCsA TEOPEMBI O PA3IOKeHUH KOH(GOPMHO KHIIMHTOBOMN
r-OpMBI B OPTOTOHAJIBHYIO CyMMY KWUIMHTOBOH M 3aMKHYTOW KOH-
(OpPMHO KWJUIMHTOBOI1 7-popM Ha BIIOIHE OMOMIMYECKUX MOBEPXHOCTSIX
n-MEpHOT0 puMaHoBa MHoroobpasus (r =1, ..., n — 1).

VK 514.76

H.[. Hukumun, O.T. HukumuHa
[eH3eHcKull 20cy0apcmeeHHbIli yHusepcumem

UHduHMTE3MManbHbIE Npeobpa3oBaHus
ac¢drHHON CBA3HOCTU KacaTeNbHOro paccnoeHuns
NPOCTPAHCTBA HENMMHEWHOW CBA3HOCTY

B paloTe 1oka3aHo, YTO MOMHBIH THGT X© MHHUHHTEINMATD-
HOro mpeobpazoBanus X muddepeHimpyemMoro MHOTooOpasus M
OCTaBIISIET WHBAapUAaHTHBIM a((UHHYIO CBS3HOCTH KacaTelIbHOIO
paccnoenust T(M) mpocTpaHCTBa HEIMHEHHON CBSI3HOCTH TOTJAa M
TOJIGKO TOT/Ia, KOTJa BEKTOpHOEe mosie X sBisieTcss MHGUHUTE3H-
MaJTbHBIM JIBHKEHHEM B [IPOCTPAHCTBE HEMHEWHOM CBSI3HOCTH.

Knroueswie cnosa: xacatenbHOE paccliOeHUE, HETMHEITHAS CBI3HOCTD,
TIOJTHBIA (T BEKTOPHOTO IOJIs, Mpou3BoAHas JIn, MHOUHHUTE3NMAIEHOE
apPUHHOE TBIDKEHUE.

Ilycte M — n-mepHOoe muddepeHupyemMoe MHOT00Opasue,
T(M) — kacatenbHOe paccioenue, 1. T(M) — M — kaHoHU4YecKas
mpoeknus, G =R\{0} rpymna Jlu oTHOCHUTENEHO Omepanuu yM-

HOKEHMs, JIEHCTBYIOIIAs HA KAacaTeJbHOM PACCIOEHUH 10 3aKOHY:
ais moboro a € G npeobpasosanue R, :T (M ) —-»>T (M ) oTobpa-

XKaeT IIPOU3BOJIBHBIA »31neMeHT z€ I(M) B Ra(z)zaz, rae
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